A cyclic quadrilateral is called a Brahmagupta quadrilateral if its four sides, the two diagonals and the area are all given by integers. In this paper we consider the hitherto unsolved problem of finding two Brahmagupta quadrilaterals with equal perimeters and equal areas. We obtain two parametric solutions of the problem -the first solution generates examples in which each quadrilateral has two equal sides while the second solution gives quadrilaterals all of whose sides are unequal. We also show how more parametric solutions of the problem may be obtained.
Introduction
The problem of finding two or more Heron triangles with equal perimeters and equal areas has been considered by several mathematicians ( [1] , [2] [9, p. 295], [12] ). It would be recalled that a Heron triangle is defined as a triangle having integer sides and integer area. In this paper we consider an analogous problem concerning Brahmagupta quadrilaterals. A cyclic quadrilateral is called a Brahmagupta quadrilateral if its four sides, the two diagonals and the area are all given by integers [10] . Till now this problem has not been considered in the literature.
If a 1 , a 2 , a 3 , a 4 are the consecutive sides of a cyclic quadrilateral, the formulae for the area K and the two diagonals d 1 and d 2 , given by Brahmagupta [7, p. 187] in the seventh century A.D., are as follows: K = (s − a 1 )(s − a 2 )(s − a 3 )(s − a 4 ), d 1 = (a 1 a 2 + a 3 a 4 )(a 1 a 3 + a 2 a 4 )/(a 1 a 4 + a 2 a 3 ), d 2 = (a 1 a 3 + a 2 a 4 )(a 1 a 4 + a 2 a 3 )/(a 1 a 2 + a 3 a 4 ), (1.1) where s is the semi-perimeter, that is, s = (a 1 + a 2 + a 3 + a 4 )/2.
(1.2)
Further, the radius R of the circumcircle of the cyclic quadrilateral is given by the following formula of Paramesvara [8] :
(a 1 a 2 + a 3 a 4 )(a 1 a 3 + a 2 a 4 )/(a 1 a 4 + a 2 a 3 ) (s − a 1 )(s − a 2 )(s − a 3 )(s − a 4 ) .
3)
In this paper we find two parametric solutions of the problem of finding two Brahmagupta quadrilaterals with equal perimeters and equal areas. We note that given an arbitrary Brahmagupta quadrilateral, we may change the order of the sides to get two other Brahmagupta quadrilaterals which will have the same perimeter and same area as the given Brahmagupta quadrilateral. The problem is therefore really to find two Brahmagupta quadrilaterals with the stipulated properties and such that the sides of the two quadrilaterals are given by distinct quadruples of integers. In Section 2.1 we obtain the first parametric solution that generates examples in which each quadrilateral has two equal sides while in Section 2.2, we obtain the second solution which gives quadrilaterals all of whose sides are unequal. In addition to the sides, the diagonals and the areas, the circumradii of the quadrilaterals are also given by integers.
We note that if there exists a cyclic quadrilateral whose sides, diagonals and the area are given by rational numbers, by appropriate scaling we can readily obtain a cyclic quadrilateral whose sides, diagonals and the area are given by integers. We will therefore refer to such cyclic quadrilaterals also as Brahmagupta quadrilaterals.
Two Brahmagupta quadrilaterals with equal perimeters and equal areas
In view of (1.1), the area K of a cyclic quadrilateral may be written explicitly in terms of the four sides as follows:
Let a 1 , a 2 , a 3 , a 4 and b 1 , b 2 , b 3 , b 4 be the consecutive sides of two Brahmagupta quadrilaterals with equal perimeters and equal areas. It follows from the formulae (1.1), (1.2) and (2.1) that a i , b i must satisfy the following conditions:
where a i , b i , u, v and K are all positive integers. In addition to the above conditions, for the construction of a cyclic quadrilateral with sides a i , the values of a i , i = 1, . . . , 4, must be such that the sum of any three of the numbers a i must be greater than the fourth one, and similarly the sum of any three of the four numbers b i must be greater than the fourth one [5, Theorem 3.21, p. 57]. Further, we note that if we obtain a solution in rational numbers of the diophantine equations (2.2), (2.3) and (2.4), by appropriate scaling we can obtain a solution in integers.
To solve the simultaneous diophantine equations (2.2), (2.3) and (2.4), we first make the invertible linear transformation defined by the following relations:
The equations (2.2), (2.3) and (2.4) may now be written as follows:
2.1
We will now obtain pairs of Brahmagupta quadrilaterals with equal perimeters and equal areas such that each quadrilateral has two sides equal. It follows from (2.5) that two sides of each quadrilateral wll be equal if and only if two of the numbers {x i } as well as two of the numbers {y i } are equal.
There is no loss of generality in taking x 4 = x 3 and y 4 = y 3 .
On writing x 4 = x 3 and y 4 = y 3 , Eq. (2.7) reduces to
It follows that both x 1 x 2 and y 1 y 2 must be perfect squares, and so we write
where p i , q i , r i , i = 1, 2 are arbitrary parameters. It now follows from Eq. (2.7) that (p 1 q 1 q 2 x 3 ) 2 = (p 2 r 1 r 2 y 3 ) 2 and we accordingly take
Further, with the values of x i , y i given by (2.10) and (2.11), Eq. (2.6) reduces to 12) and accordingly, we take
With the values of x i , y i , p i given by (2.10), (2.11) and (2.13), the conditions (2.6) and (2.7) are satisfied, while Eqs. (2.8) and (2.9) reduce to the following two conditions respectively: It follows that if we choose q 1 and q 2 such that φ(q 1 , q 2 , r 1 , r 2 ) becomes a perfect square, then both conditions the (2.14) and (2.15) will be satisfied. Now φ(q 1 , q 2 , r 1 , r 2 ) is a quartic function of q 1 and q 2 and we can readily find suitable values of q 1 , q 2 by following a method described by Fermat (as quoted by Dickson [6, p. 639] ). We thus obtain the following values of q 1 , q 2 :
(2.17)
With the above values of q 1 , q 2 , the relations (2.13) yield the values of p 1 , p 2 and now using the relations (2.10) and (2.11), we obtain the following values of x i , y i . Finally, using the relations (2.5), we get the sides a i , b i , i = 1, . . . , 4, of two Brahmagupta quadrilaterals with equal perimeters and equal areas. These values of a i , b i , i = 1, . . . , 4, are given below in terms of two arbitrary parameters r 1 and r 2 : It is readily seen that when we choose r 1 , r 2 such that 1.63 < r 1 /r 2 < 2.11, the values of a i , b i given by (2.18) are all positive, the sum any three of the numbers {a i , i = 1, . . . , 4} is greater than the fourth one and the same is true of the quadruple {b i , i = 1, . . . , 4}, and thus there actually exist quadrilaterals whose sides are given by the quadruples {a i , i = 1, . . . , 4} and {b i , i = 1, . . . , 4}.
As a numerical example, when r 1 = 2, r 2 = 1, we get two Brahmagupta quadrilaterals with the following sides: The perimeters and areas of both of these quadrilaterals are given by 4426 and 979200 respectively. The diagonals of the first quadrilateral have lengths 1412 and 590850/353 while the lengths of the diagonals of the second quadrilateral are 1412 and 612000/353. The circumradii of the two quadrilaterals are 463489/544 and 1765/2 respectively. By appropriate scaling, we can readily get two Brahmagupta quadrilaterals whose diagonals and circumradii are also integers.
The lengths of the diagonals of the two quadrilaterals given above have been computed on the basis that the consecutive sides of the two quadrilaterals are a 1 , a 2 , a 3 , a 4 and b 1 , b 2 , b 3 , b 4 as was stated initially. If we take the consecutive sides of the two quadrilaterals as a 1 , a 3 , a 2 , a 4 and b 1 , b 3 , b 2 , b 4 respectively, we get two trapeziums with the same perimeter and same area as the first pair of quadrilaterals while the four diagonals of the two trapeziums are all of the same length which is given by (2.21).
We note that while we have obtained one parametric solution using the values of q 1 , q 2 given by (2.17), by repeatedly applying the aforementioned method of Fermat, we can get infinitely many pairs of values of q 1 , q 2 such that φ(q 1 , q 2 , r 1 , r 2 ) becomes a perfect square, and thus we can obtain infinitely many parametric solutions giving pairs of Brahmagupta quadrilaterals with equal perimeters and equal areas and such that each quadrilateral has two sides equal.
2.2
We will now find a solution of the simultaneous diophantine equations (2.6), (2.7), (2.8) and (2.9) in which the quadruples {x i , i = 1, . . . , 4} and {y i , i = 1, . . . , 4} consist of distinct integers.
To solve Eqs. (2.6) and (2.7), we first obtain two quadruples of integers with equal sums and equal products by applying a method described by Choudhry [4, Lemma 5, p. 769]. Accordingly, we solve the equation, (2.27) and take the integers x i , y i , i = 1, . . . , 4, as follows:
A solution of (2.27) is given by
where m is an arbitrary parameter, and we thus get the two quadruples {x i } and {y i } given by
where m, p 1 , p 2 , q 1 , r 1 , r 2 and s 1 are arbitrary parameters.
With the values of x i , y i , given by (2.30), Eq. (2.6) is satisfied while Eq. (2.7) reduces to the equation,
We now choose 
A solution of this equation is readily obtained and may be written as,
where g and h are arbitrary nonzero parameters.
We have now obtained a solution of Eqs. (2.6) and (2.7), and using the relations (2.30), (2.32) and (2.34), the values of x i , y i may be written explicitly as follows: 
On multiplying Eqs. (2.36) and (2.37) by v 2 and u 2 respectively, and taking the difference, we get, after removing certain factors, the condition, (mu−nu−nv)(mu−nu+nv)g 2 −(mv+nu−nv)(mv−nu−nv)h 2 = 0, (2.38) which further reduces, on writing
to the condition,
For rational values of u and v, Eq. (2.40) represents a quartic model of an elliptic curve which, in general, is of rank 0. With some experimentation, we found that when we take
where t is an arbitrary rational parameter, the elliptic curve (2.40) is, in general, of positive rank, and a point of infinite order on the curve (2.40) is given by While the above parametric solution generates infinitely many examples of two Brahmagupta quadrilaterals with equal perimeters and equal areas, we note that by repeated application of the afoementioned method of Fermat, we can obtain infinitely many solutions of Eq. (2.44) and thus obtain more parametric solutions of the problem.
An open problem
It is easy to show that given any positive integer n howsoever large, there exist n cyclic quadrilaterals with integer sides and having the same perimeter and the same integer area. In view of the computations in Section 2, it suffices to obtain infinitely many solutions of the simultaneous diophantine equations,
where k 1 and k 2 are certain constants. It has been shown by Schinzel [11] that there exist infinitely many solutions in positive rational numbers of the simultaneous diophantine equations
and taking x 4 = 6k 2 where k is a suitably chosen constant, we immediately get infinitely many solutions in positive rational numbers of the simultaneous diophantine equations (3.1), and we thereby get infinitely many cyclic quadrilaterals with rational sides, and having the same perimeter and the same rational area. Appropriate scaling yields n cyclic quadrilaterals with integer sides and having the required properties.
It remains an open question whether there for any arbitrary integer n ≥ 3, there exist n Brahmagupta quadrilaterals with the same perimeter and the same area and such that the sides of the quadrilaterals are given by distinct quadruples of integers.
